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We consider the following two plane mixed problems of the theory of elasticity, The
problem of stretching a strip weakened by two equal length longitudinal slits, and the
problem of longitudinal splitting of a strip by means of a wedge of finite length (*) .
In the second problem, slits appear on each side of the wedge, Both, the slits and the
wedge are symmetrical with respect to the edges of the strip,

The method of solution employed is analogous to that developed in [2], The formulas
obtained define the form of the slit surface and the normal stress intensity coefficient,
and represent asymptotic expansions of the exact solutions in negative powers of the
parameter A = h /b characterizing the relative thickness of the strip,

1. The problem of stretching a strip weakened by two slits,
Two slits of equal length b — a(Fig, 1) are

Ay present in an elastic infinite strip of thickness
] 2k, The slits are symmetrical with respect to
Qf the strip edges and the surface of the slits is
N‘ b e 0 a LI load-free, The edges of the strip are either
displaced outwards by a given distance §, or
Fig. 1 are acted upon by an uniformly distributed

tensile load of intensity p. We require to find
the form of the slit surface y (z) and the normal stress intensity coefficient N, the stress
appearing outside the slits on the line produced from the slits, The boundary conditions
of the problem are
for y=0
oy=0 (a<|z|<b), =0 (|z|<a, b<Iz]), Tm=00<lz)) (1.1
for y::th, O<|zl
(1) uy=48, 1oy =0, (2) uy=18, uxg=0, (3) 6y=p, Ty =0 (1.2)
The plus and minus signs correspond to the upper and lower edge of the strip, The
problem can be reduced to an auxiliary problem with the following boundary conditions;

for y=0
Sy=—¢ @<|z|<<h), uy=0 (Jz|<a b [z]), Ty=00<L[z]) (1.3)
for y=-h 0<]|2|
(1) uy=0, Ty =0, (2) uy =0, uy=0, (3) oy=0, Ty =0 (1.4)
For the conditions (1) and (2)
g = 2GO6R™! (1 — v) (1 — 2v)!
where G is the shear modulus and v is the Poisson's ratio, For the condition (3) ¢ = p.

The problem with the boundary conditions (1.1) and (1.2) cna be solved by superimpo-
sing the stress and strain fields on the solution of the auxiliary problem, These fields

*3} Contact problems for a strip with two equal regions of contact were dealt with in [1].
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correspond to the dispiacement vector whose components are

ug = 0, uy = h~1dy
for the conditions (1) and (2) on the edges of the strip and
uy = 0, uy = 05pG T ({ —v)"1 (1 —2v) y

for the condition (3),

The function y (z) and the quantity & are the same for both, the initial and the auxi-
liary problems, By symmetry, it is obvously sufficient to consider the region 0 < y << &,
— oo Lz 0o,

Methods of operational calculus are employed [3] to reduce the problem with the
boundary conditions (1.3) and (1.4) to that of obtaining the function ¥’ () from the fol-
lowing integral equation:

—~a b
. ‘ . 1
(S-I—S)'r’(E)Q(E—h-i)d&:—whq( T @<izi<d) (1.5)
—b @
Q) zg L (u) sin (ut) du (1.6)
°
For conditions (1) to (3) the corresponding expressions for  (u) are
h 2 2
®© Lw=Sr
h2 2u2-4-0.5(1 ?
@ L= 2R B s
sh?u — u? » .
3) Lw)y= 2m, L#)—> 140 () when u—» oo

Let us represent the kernel @ (#) of the integral equation (1, 5) in the form

o0
Q) :._}_-"- 2 PR (1.7
1==0
The constants ¢; are given by
y o
01212(—53’)1'51'8 (L (u) — 1] u¥*du (i=0,1..) (1.8)
L]
and assume the following values for the conditions (1), (2) and (3):
243 .
W) o=y By, (=0,1,..)
(2) (v=03) co=3.48, ¢ = —1.25 ¢ = 0.518
(3) ¢ = — 2.35, e = 1.69, cg = —0.844
Here B,,, are the Bernoulli numbers [4],
Inserting (1.7) into (1, 5) and utilizing the fact that y" (— z) = — ¥’ (2), we obtain
after simple transformations
b
WEE | aal-v S S
\ e —5 S“r @ L&+ 2 + @ — %) a2 (1.9
a =0

Application of the inversion formula to (1, 9) yields an integral equation of the second
kind in ¥ (z)
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2 1—
T @) =3R (z) {P1+qﬂ(46 o (a® +b" —2¢7)
b

b2 CLR () dt ] )
n 2 Az S t-_(._)g;a S'r' (B)IE+ 6% 4 € —0)**1] dE (1.10)

R(x)= ¥ (2t — a*) (b* — 2°)

where P1 is a constant to be defined, Seeking the solution of (1,10) in the form of a
power series in A2 we obtain

T @) =01—vGR1(z) [P101(z) + D: (x)] (a <z<hH) (1.11)
Dy (2) = Gn (1 —v) {2+ (1 + 2 — 222/ b?) ch2 + [Yy (5 — 26 + 5e%) +
+ 2 (1 + €2 a2/ b2 — 628/ bA] A4 + O (A9
D, (z) = Yyqb®B (1 + 2 — 222/ b%) + O (A °9) (1.12)
e=a/b PB=1—YsckN k= VI—¢

Integrating (1.10) with respect to z and recalling that ¥ () = 0, we obtain

Y (@) = Py (ab)1Q (2) + Yo qbBG (1 — V) x (&) + O V) (a <z < b)(1.13)
Q (z) = 2F (0, k) + % (@) c)A™2 + [(1 + 29 (z) + Yokt F (0, k) + 23673R (z)] e0~
1@ =01+¢)F(w, k) —2E (0, k) +2 (b2) 1 R (z), © = arcsin k1 V1 — (a/ )

where F (o, k) and E (0, k) are elliptic integrals of the first and second kind respecti-
vely, The constant P; is found from the condition v(6) =0 (1.14)

Setting y (z) from (1,13) into (1.14) we obtain
Py = — Ypqub?p (1 — v) 61 g (H)Q (b) (1.15)

The normal stress intensity coefficient & is defined for the points z == a and z = b by

Ng= Hm ]/a-—-xrsy(z 0)~ lim V:c—ala 1" (%)

x +a—0 a0 (1.16)
Ny= lim Vz—boy(z, 0)=— lim Vi—er—1 @
x—b4-0 xX-#b—0
Insertion of ¥’ (z) from (1.11) into the right-hand sides of (1.16) yields
Py (a) 4 D; (a) Pi@1 (b) 4 @, (b) ,
Ny=- "'bk VEZ , Ny=— ok V% 1.17)

Absolute convergence of the series (1, 7) for ¢z < 2 can be shown using the properties
of the function L (x) , Hence, the results (1,13) and (1. 17) obtained are valid for
1 < A < oo. In practice, the relations obtained

g can be employed rationally within the range
] 2d 2 A < 0. When A - oo, we have from (1,12)
S| <2227 and (1.15)
vy 7 Fa &7 PO () + D, (a) = g5 [E (k) | K (k) — ],
P,®, (b) + ©; (b) = — gb* [1 — E (k) / K (k)] (1.18)
Fig, 2 Here K (k) and E (k) are complete elliptic

integrals of the first and second kind respectively,
From (1.17) and (1.18) it follows that the quantities &4 and Ny coincide, as A — oo, with
the corresponding quantities obtained in the course of solution of the problem of two slits
in a plane [6]), When A — >0, the function v (z) coincides with the analogous function
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obtained in [7] during the investigation of a problem of a slit in a semiplane whose
boundary is clamped, although free to stide, The case investigated in [7] also corresponds
to the problem of two collinear slits of equal length on a plane,

2, The problem of splitting a strip, Let an elastic infinite strip of thick-
ness 2k be split by means of a rigid, smooth wedge of length 24. The wedge is sitnated
symmetrically with respect to the edges of the strip, and the wedge thickness is 24. A gap
of length b — a (Fig. 2) appears on each side of the wedge, The strip edges are displaced
either outwards or inwards by a given distance §, or are acted upon by an uniformly dis-
tributed tensile or compressive load of intensity p. We require to find the form of the
slit surfaces v (2) and the normal stress intensity coefficient & at the points y == 0,

z == # (b + 0). The boundary conditfons of the problem have the form

for y=0 wy=Hdd (z|<a), uy=0 <z
Op=0(<<lzi<Y, Tyg=0 ©<]|z)

One of the three conditions given in (1,2) holds at the strip edges fory = 45, 0z .
The problem can be reduced to an auxiliary problem with the boundary conditions

for y=0 yy=Hdfzi<a), uy =90 (¢p<<lzh
oy=—g @<IZI<B, Tey=0 (O<|z) @1

using the method of superposition, Here one of the three conditions given in (1,4) holds
for y == + k; we have, as before, g = 26841 X {1 — v} (1 — 2v)™1 for conditions (1) and
(2), and ¢ = p for condition {3).

Methods of operational calculus can be used to reduce the problem with the boundary
conditions (2. 1) and (1.4) to that of finding the function y* (z) from an integral equation
of the form of (1, 5). Consequently, the expression defining the function y' {z} for the
problem considered, should have the form

Y (@)= (1 =GR (2) [Py®, (2) + D, (2)] (a< 2K D) 2.2)
where @, {z) and @, (z) are given by (1,12) and P; is a constant to be determined,
Unlike in the problem in Sect, 1, the function ¥ (#) in the present problem must satisfy
the conditions vy(@=4d 9y =0 (2.3)

hence we shall use the relation *

r@=d+{r®E @<z<Y) (24)
qa

where ¥’ (§) has the form of (2, 2), to determine ¥ (z) . Performing the necessary compu~
tations according to {2,4), we obtain

Y &) =d+ Py (nb)1Q (2} + YpgbBG 2 (4 — V)y (@) + O 78 {2.5)
The constant P, obtained from (2. 5) and the second relation of (2, 3), is
Py = —nbQ71 () [d + HpeB6 (1 — W)y (B)] + O (A79) (2.8

Inserting ¥' {z) given by (2.2) into the second relation of (1,18) we find the normal
stress intensity coefficient at the points z = + (b + 0)
Ny = — (bk V 25)7 [P,y () + D, (B)] 2.7
The solution (2, 5)~(2. 7) obtained can be used with confidence within the range
2 KA < oo For A — oo and the condition (3), from (1.12) and (2. 8) we find
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bdG [1 E (k) ] 2.8

POO) + @) =— g —y5yxm — P 1R m)
Equations (2, 7) and (2, 8) imply that when A — >, the value of Ny coincides with that
obtained in the problem on splitting an elastic plane with a wedge of finite width [8],
Moreover, when A — oo, the expression (2, 4), with (2, 2) taken into account, defining
¥ (z) coincides with the analogous expression obtained in [8].
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CONVERGENCE OF THE PROBLEM OF LIMIT EQUILIBRIUM
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The theory of limit equilibrium of a perfectly plastic body [1] usually deals with the
systems possessing a finite number of degrees of freedom, The results obtained for the
models of finite dimensions can be eéxtended to the problems of limit equilibrium of
solid bodies, using the methods of mathematical programing,

In the present paper we consider a perfectly plastic body of finite volume }* with sur-
face S. A load proportional to the parameter £ is applied at a part of the surface dero-
ted by S;. Conditions of zero displacements u; = 0 (i = 1,2,3) (u denotes the rate of
displacement vector) are given at the remainder S, of the surface. The stress field must
satisfy the equations of equilibrium and the following boundary conditions on g

Si5y = 0, Gy;v;— Phy=0 (H

Conditions of plasticity are assumed to have the form of a convex operator f(g) < 0.
Under these conditions the problem of limit equilibrium in static formulation consists
in determination of P* = sup P(0). This corresponds to the generalized Lagrange's
functional [2]



